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fl Overview l

QO Summary of Lecture 6

a Single-class Closed Queuing Networks

a Computational Algorithms
= Convolution Algorithm
= Mean Value Analysis

a Applications

s Computer Systems
s Flow Control in Communication Networks
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$ 18 [ Single-class Closed Queuing Networks -1 l

O Consider a two node network

—
) N n +n, =N
o . Q_ . R
O A0
l’ﬂl Sz,ﬂz
P

<«

m The visit ratio equations are

Vi=PVi+Vy o _ _
V, = P,V } have infinite # of solutions V; ~ Relative Throughput
= Choices
1) v, = i =V, = & visit interpretation
P Py
7 1P all utilizations will be scaled by CPU utilization
) =" v, = (i.e., node 1)
S1 S2
3) vy =1 =V, =Dy CPU is the reference node

, o Probability interpretation
Copyright ©2004 by K. Pattipati
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N5 [ Single-class Closed Queuing Networks -2 l

= The probability distributions has product form

p(ny.ny) = ﬁYl(nl)YZ ()

where Yi(ni):(ﬂj i=1,2

Hi

> G(N) is the convolution ofY, (N )and Y, (N )
G(N)= 2%, (n)Y,(N=n) =Y,(N)*Y,(N)

2 Throughput: X(N)= G(N-1)
G(N)
e Nodal throughput: x;(n)=v;Xx(n) = ))((i((n)) .. relative throughput
i\n) v,
s Mean value analysis (MVA) equation
pi(n/N):mpi(n—llN—l) i=12,n=12,...... N
i
P; (n/ N):>marginal probability that there are n customers at node i given N customers in the network .
2 Response time equation for node i: Ri(N):\;‘lS‘[HQi(N—l)] d'd
_ ! : | _ 43
» The results are valid for general networks as well with minor changes for various jm ny
node types o
Copyright ©2004 by K. Pattipati .




Ve rGeneral Structure of Closed Network - 1

. :

. |

ol

: PMl

‘ _

. ——<

_ N —_

\%—bpzz = PMZ

o Kaow

| . -
— The number of customers In the network is a constant, N
— Since the N customers are distributed among M nodes,

— The service demand at node i is exponentially distributed with mean S,
— The node types can be of one of the four types

o Single-server
Ny, Infinite-server 4
H; (n) = - - 4
min(n,m.) . Multi-server J
- o
...... (m,)} State-dependent node n
d
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' rGener-al Structure of Closed Network - 2

@

— The routing of a customer is governed by a Discrete-time Markov chain |

— Any work conserving queuing discipline at each node
—> when a customer is present, the server will not turn him away or become |dIe

/Want to determlm

= Mean number of customers at node i (queue length)

Ri = Response time

U; =Utilization of node i

X (n) =Network (system) throughput
Xi(n)= Nodal throughput at node i

p;(n/ N)=Marginal prob. that there are n customers at node i

oYL L
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' rGeﬂer-al Structure of Closed Network - 3

/ Method

— Visits computed from

=Py or 1=YP U Vi=12....M o o o o
=1 j=1 V.
state (ny,N,,...... Ny ) 3 ng+n,+...... +ny =N
< Number of possible states: Distribution of N objects among M Nodes
N+M -1
Ry
@)

oog

Vi, j

Copyright ©2004 by K. Pattipati
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@4—' Global and Local Balance Equations l

o
. |
4 .
a 0 Global balance equations
d (N +1-5,) M (N,
F ZZ (n+§,-—§i)=ZM p(n)
: i=1 j=1 jl 5 |1( )i
M M n
(o) DD .P {’u( ! ) p(n+e, —e)—ﬂ' p(n)} use (1) here
i=1 j=1 SJ. SV,
0 Local balance equations
H#i(nj +1-55) i
U0 e, —e) = 244 pen)
SV S;V,;
V;S;
= p(0) = g T () =Y =, isi)"
AT = Hﬂ. (k)
o
Gy (N) — Normalization constant :
a
a
Copyright ©2004 by K. Pattipati .
8 TLTTL L’



@4—' Specialization to Each Node Type l

o
o
b jal
: a Special Cases Lo
. = Single-server nodes: Yi(ni)=[#)
- Hi
o - _ vs, )" 1
= Infinite-server nodes: Y;(n;)=| | —
M) Nt
= Multi-server case: , VS, "
— | = n, <m,
L n;!
Yi(m)=9 >4 -
(Visij 1 (Visi J .
;N >m
4 m; 1\ m;
= State-dependent node case: (vs,)
— n.<m
[T(k) -
V()= 1
(vs) n
o
o
Copyright ©2004 by K. Pattipati .
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7 & rPmper-ties of Normalization Constant -1

Q Properties -

If we let |

Gi(z)= 1Y, (2)

Gi(2)=Gia(z2)(z) Golz)=1 GO(n):5”°:{(§ ne;:

Gy (n)= k%)G,_l(n k)Y, (k)| Basis Of[ C:O(Q)\/flltgnczg) ilﬁorithm

In particular,
Gy (n)=Gy_gy(n)*Y;(n) Vi=12,......, M

kL L
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O Special Cases
1. Single-server case

G(n)= % G4 (n- k)(—

= G(2)- 'S' 2G,(2) =

H

: rPrﬁper*ties of Normalization Constant -2

VIS,

-1
VI SI ]
— 17
A,

k
j :>GI(Z):GI—1(Z)YI(Z); Y|(Z) :(1

H
G.1(2)

(or)

H

G, (n) =Gy 4 () +-LL G, (n-1)

2. Infinite-server case,
S.

G 2(M) =26, (1—K)G,, (K)

Yi(z)=§;)[vl‘l'

Suppose, had M infinite server nodes. Then

nl
|
Can combine infinite
server nodes into a

Miv;s; |]|]|::> ‘single equivalent node)
Gy, (2) = eXpHZ—'}Z] o £ a'a
=1 H; 4 4
m; o 'd

Miv;s; Myv;s;

Gy, (n) = I(Z j (or)|] G, (n )——[ JGM (n-1); Gy, (0)=1 4
. Ni*\i=1 44 Ni=1 44 a
Copyright ©2004 by K. Pattipati .
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3.  Multi-server case
G (n) =G, (n- k)Y, (k)

rPrﬁpeﬂ‘ies of Normalization Constant -3

Y, (k) =+

EJY. (k-

[kﬂ

(ﬁjv, k-1; k>m

m, 4,

1);Y,(0)=L k<m,

2. State-dependent server case

G,(n)=Y.G,,(n—k)Y,(K)

Y, (k) =+

f(

VS,
4, (K)

( VI SI
(M)

le(k “1); k>m

jv, (k-1:Y,(0)=L k<m

Can we get a better

Recursion like the way

We did for M|M|m
S-D queues?....YES

and

k L
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G/(n)=26.,(n- k)Y, () = 6,(2) =Y, ()6,,2) =[2Y,(02'16,,(2

VS

G (z).|1-—-
@18

k=0

k V|S| k+1
Z|:Y| (k) L — YI (k) m z i|G|1(Z)

_ {zv ()2 -3, (k)V&—Sn;I)z“}G.l(n

New Recursion for Multi-server and SD Nodes -1

Copyright ©2004 by K. Pattipati

=G.1(z)+Z{Y(k) Y, (k- Dﬂ.(m.)} 2G,,(2)
-G, () + 300 { © }kGu(z)
leﬂ(q) w(k)  p(m)
e YS Gng m“m"l’“’k(v.s.) [ 11 }G D
M=C.M+ G M-D+ Y E o ola am) LK)
IR (k){ A }G (n-k)
k=1 | lul(mi) o
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New Recursion for Multi-server and SD Nodes -2

1. Single-server case (m, = 1)

G, (n) =G 1(n)+ L/ G (n-1

,Uuu

2. Infinite-server case (M, = <)

G, (M) =G, (1) + XY (k)G (1K) = XY, ()G, (n - k)Y(k)—iEY(k ~1); Y,(0) =1

/Jl

3.  Multi-server case

G =G, (M) + 6, (n- 1)+mm(mz'1'”)v.(k){1—ﬂe.1<n—k)

A\ k=1

[V'_S'jv, (k=1):¥,(0)=L k<m,
K

[V'—S'jv, k-1); k>m
mIllll

Copyright ©2004 by K. Pattipati
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- [ Computation of Normalization Constant l

Algorithm

(I

G,(0) =1
G (0)=1 VI=12,......M

Evaluate Convolution Sum
End Do
End Do

Key: It turns out that all performance measures Q;,U;,R; etc. are functions of G(N)

oYL L

Copyright ©2004 by K. Pattipati




EF O DL L

16

1. Marginal Probabilities at each node i

k at node i = N-k
Know

at all other nodes

G (N)= .G, (N =K)¥,(K)

CINZKY (K)o
12% {}c(a (N)) = =2, P(k/N)
G (=K,

= py(k/N) = O

For single-server nodes the result simplifies to:

@ - [ Performance Measures from G(N) -1 l

P (k/N) =

Gy, (N—k)—VS' Gy (N —k —1)

Gu (N)

Copyright ©2004 by K. Pattipati
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@ - fl Performance Measures from G(N) -2 l

2. Throughputofnodel
X,(N) = Zp(k/N)"'

M{u}(N k)Y (k) 1, (K)

(k)

_; G,(N) s
Z G, (N =K)Y,(k-12) _v ;GM%}(N —1-n)Y,(n)
< G | Gy (N)
" G, (N)

Network Throughput

oYL L
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@ - [ Performance Measures from G(N) -3 l

3. Queue length
Qi<N)=k§_lk o (K/N)

For single-server nodes
Q,(N) =;k P (k/N) =;k[

G, (N —K)Y.(k) =G, (N —k —1)Y. (k +1)}

G, (N)
_< G, (N =Kk)Y; (k)
% G, 0N)
_N_ < G, (N=1) s | & VS
_;_(HGM(N—IH)) 1 }_“ .OKX(N ) 4, )
=3 U -] =2 11U
U.
As N—>o Q(N)—>——  Likein M/M/1 queue
4. Response time 1-U;
. |
R (N) =2 Gver all visits .
X (n) a3
o |
r
Copyright ©2004 by K. Pattipati .



N £ [ Mean Value Analysis Recursion l

G 3 (N —K)Y; (k)

Marginal probabilities, p;(k/N)= Gy (N)
M

pi(k—1/N —1) =

Gy iy (N =k)Yi(k-1)

EF O DL L

Gy (N-1)
Yi(k) Gy (N-1)

= p,(k/N) =

T Yi(k=D) Gy (N)

p;(k—1/N -1)

= py (kN = 2V

Hi

pi(k-1/N-1) k=012,...... ,N

e More Generally,

» Probability distribution at node i with N customers is related to the probability
distribution at the same node with (N-1) customers

k=012,...... N
4 D a0 A X (n)vis -
0 p.(k/n)= ) p.(k—1/n-1), n=012,...... ,N
nl 1 . 0.(0/0) =1 J
J
2 n :
: =1— (k/ Often results in J
9 3 P i (07n) kZ::lp'( ") |]|]|:> negative probabilities J
4
Copyright ©2004 by K. Pattipati :
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@ - [ MVA Equations for Response Time -1 l

an=%kmw/m
kv iS;
2

-1

k k
=V;S; X(n){kzlmp(k ~1/n- 1)+kzr)n ﬂi(m_)pi(k—lln—l)}

_ VisiX(n) ill{m—l}p(k -1/n-)+1+Q;(n-1)
Hi (M) | k=1 i (k)

X (n)p; (k —1/n—1)

V. (D—fl) #(m) _ m for multi-server node
! w(K) Kk

Q()—VS?ODﬂ+%m _1)+Q,(n-1)]

(or) | Ri (n)=ii)[1+7i (n-1)+Q;(n-1)]

Hi (M,

kL L
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@ - fl MVA Equations for Response Time -2 l

O Special cases
1. Single-server case

R, (n) =~ [L+Q; (n-1)]
Hi

2. Infinite-server case

R(n) = lim —S{mz_l(l—mijp(k _1/n-1)+ 4 Q0= 1)}

M= M | k=1 i ml m;

_ViSi.
Hi

M
m Expected network response time: Y R;(n) = R(n)
i=1

Throughput: ——X(n)
. gnp R(N)
m  Queue length: Q;(n) = X (n)R;(n) : :
a
o
o
Copyright ©2004 by K. Pattipati .
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I & fl MVA Equations for Response Time -3 l

m Probability distribution at state-dependent nodes
o.(k/n) =" >(<k()”) (k=1n—-1); Kk=12,.....n; n =min(m —1n)

P mi/n):&(ﬂ)pi(2 m,—1/n-1)

p,(0/m) =1-¥ p,(k/n)— p, (= m /1)

m Ultilization of each node (needs to be computed for final population only)
Ui (N) =0 ini A

Infinite-server nodes
X(N)vs.
Ui (N) = — Single-server nodes > Throm_Jghput :
H. max. Service Capacity
U (N) _ X (N )ViSi Multi-server & state-dependent nodes )
i
4, (m;)

oYL L
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N £ [ MVA Equations for Response Time -4 l

O Computation of queue length and utilization at each node
= Algorithm

Qi(0)=0
p;(0/0) =1

Update response time R;(n)
End Do

M
X (n)=n/ ¥R (n)
i=1

Compute Q; (n)
End Do

Compute p;(k/n) at multi -server & state - dependent nodes j j

End Do aa
Compute U:(N) i=12,......, M ‘:

Copyright ©2004 by K. Pattipati .
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N 4 [Applicaﬁon Example: “what if studies” - 1

Paging Drum

O

[
>

File Dru

3

A 4

A

|- |
oo

o

File Disk

P, P4
New program > >

O

1
Number of visits: V; = —, vzzﬁ, V3=&&v4=&

Py Py P P

> Each program requires 2.1 billion instructions to be executed: VS, =2.1x10° Ins

d'd

> CPU speed is 700 MIPS . 4, =0.7x10" Ins/sec : :
V;S .

> CPU time per program - 7L —3sec/job a3

Copyright ©2004 by K. Pattipati ﬂl (OVGI’ all ViSitS) :
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: [Applicaﬁon Example: “what if studies” - 2

o Given that 150 file drum accesses & 250 file disk accesses  : v3 =150, v, =250

) foS

2 To getv,, following information is given
=  Limited main memory of 30000 pages, divided equally among N jobs
Per job we have 30000/N pages
Larger the # of jobs = Smaller memory partition per job

= More often CPU has to interrupt to get the next segment of
the program from the page drum

If N=3= Allotted 10000 pages per program

A

=
o
I
[EEN
w
3
w
@
o

time between
page faults (msec)

&~ 00
I

5000 10000 15000
# of pages per job

Average time between page faults =13 msec

kL L

# of page faults = # of visits to page drum, v, = %xlo?’ ~ 230 visits

oYL L
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e [ Application Example: “what if studies” - 3

=  Paging drum has revolution speed of 3600 rpm = 60 rps

Transfers at 4us/word (each page size is 1024 words)

-1
=5s,=1 = L +1024x4x107° | =80 pages/sec
2x60

v, =230
V; =V, +V3+V, +1=1+230+150+250 = 631

=  Filedrum
S; =1, u, =80 pages/sec, vy =150

*  Filedisk: 2400 rpm, tg =11ms, transfer time = 6.

-1
S4=1 py= (Lﬁseek +1024><6><10‘6j =33.7 pages/sec, Vv, =250

2x40
&S 2.1x10°
= CPU =3 =s=""-; v=630, g =7x10°Ins/sec
y7A 631
CPU (1) Paging Drum (2) File Drum (3) File Disk (4)
Vi 631 230 150 250
Si 3.17x10° 1page 1page 1page 4 d
8 |
Hi 7 x10° Ins/sec 80 pages/sec 80 pages/sec 33.7 pages/sec 4G
ViSi | i 3 2.86 1.86 (7% [l Bottleneck a 'l
Y
Copyright ©2004 by K. Pattipati .
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[ Application Example: “what if studies” - 4

= Using MV A or convolution algorithm, one can explore, for example, )

the following
1. Performance measures
2. What if CPU is replaced by one that is 25% faster?
3. Replace file drum with one having 4500 rpm
4. Faster paging drum 4500 rpm
5. Balance utilization to file and disk drums

= Ys%s _VaSa oy Ly, =400

M3 Hy

6. Increase memory size from 30000-40000 pages

= time per page fault =15ms

Copyright ©2004 by K. Pattipati
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0 1 , 0 1, 01, o - virtual circuit
e Moo 7
A _
—— I~

.2 Application Example: “sliding window flow control” - 1

initial packet acknowledged

A — arrival rate of packets to VC

Norton’s theorem (or) Chandy-Herzog-Woo’s theorem

;
L
<§

(FEN)

Flow equivalent node

~——

-

nodel

kL L

Copyright ©2004 by K. Pattipati
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Application Example: “sliding window flow control” -

< Know G\( X0
Gy g(N=K)Y;
pl(k/N)_ Gy (N)

G (N) = X Gy gy (N -0

» The network is equivalent to a ‘two node network’, if

Gy =Y = [T, 00| 5 v

= Know N
X (n) = Gy _m(n-1) qu (n— 1)
i GM —{1}(n) qu( )

The service rate of flow eqv. node= Throughput of the boxed network

Heq (N)

m Xeq(N) can be found by “shorting” node 1

» This is similar to Norton’s theorem of electrical circuits

Copyright ©2004 by K. Pattipati
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O Norton’s theorem: Replace all sources by an equivalent current source and
equivalent resistance (or impedance)

Req RL
» Similarly, we short node 1 (subsystem of interest)
» Found throughput of the remaining network for all n=12,......, N
= Set service rate of flow equivalent node = w4 (n), n=12,......, N

Q For the sliding window flow control problem:
s Short node M+1, all nodes have same service rate
s Knowv=1s=1

1 d'd

R; (n):;[1+Qi (”—1)] 4]

Since the network is balanced, d

_ a

Q(n-y=""1 i=12,.....,M a

Copyright ©2004 by K. Pattipati M L
L LRLRL



EF O DL L

31

:Ri(n):l{
y7]

M
R(M = 2R (n) =

Xeq (n)=

M
n

nu
n+M -1

n+M—1}

+M -1

= Heg (n)

So, the equivalent network is =)

# Yes, can solve via MVALI

a Special Cases
m Casel

As L— o, all N packets will be at the equivalent network

N p
Throughput = X_ (N)=————
ghp «(N) = 1

& R(N):{

Copyright ©2004 by K. Pattipati

N+M-1

7

}

M -1

=X, (N)

because 11— X, (N)=pu

+M -1

N

M -1

kL L
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1% Application Example: “sliding window flow control” - 5
d
‘ 1 A
. wmtop R(N)
o
W
L
W . -
N N
Case 2: \ NaM M
7, +
2/ - — X N - ) R N = 113
H eq( ) (N N M) eq( ) L M +1 Dl\;lrill)(()\;lffu
— What should we choose as N, the window length?| N ~M
“Bang — How to optimally control A as a function of n? | See Lazar, IEEE T-AC, 1983, pp
Bang 7 1001-1009
Control” B
R(N) = as A — oo
H= X
X X (=X,
A= = —max at X _=ul2 N=M-1
Power —> R(N) M _1 o =M \
_ d
at X,, =0, R(N)=M—1 a
H a
o
Copyright ©2004 by K. Pattipati .
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Application Example: “sliding window flow control” - 6

W R(N) /

N N

R(N) = M-1 siow

H= Xy
uR(N) = M=1 _ Normalized Delay = M -1

1_Ne 1— Normalized Throughput
U

Find X,, > uR(N) = urm
= X, =§:> N=M-1& zR(N)=2(M -1)

Copyright ©2004 by K. Pattipati
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[ Summary l

a Single-class Closed Queuing Networks

a Computational Algorithms
= Convolution Algorithm
= Mean Value Analysis

Q Applications

s Computer Systems
s Flow Control in Communication Networks
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