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@J—| Key Ideas of Parallel Algorithms l

O Almost all of the parallel optimization algorithms are based on one of
the two ideas :
1. Jacobi and Gauss-Seidel type relaxation schemes
2. Dual or decomposition methods.... mainly for convex constrained
optimization methods.
Let us illustrate these ideas by means of a series of examples :
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Consider min x' Qx—h'x
xeR"

= Solve Qx=Db

n
i™ equationis: Y. g x; =b ; i=12..n
=
If g;; =0 (which it will be if Q >0)
od d
OiiXi = B — > Qi X; -1 aa
i A [ oy ij 7] Xi :—|:Zq” )(J—bii| .
< d
o
L
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o2 (I Jacobi Algorithm l

O Jacobi Algorithm:

Starting with an initial vector x(0) € R", evaluate x(k), k =0,1,..
using the iteration:
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i | J#i

Xi (K +1) -1 {Z 0 Xj(k)_bi}

2x, =%, =0

" 2nd X(2)

X, —2X, =0 XD x -2x,=0
1St

1<

Solve -1 2 X = 0 d Jd

2 -1)7 o) f 5

~ CONVERGENCE ] — DIVERGI_ENCE ) a0

It is well known that convergence is enhanced if i”' component is solved by an equation .

with |g; [>[g; | V j=i a

J
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- [ Gauss-Seidel Algorithm

O Gauss-Seidel Algorithm: On a serial computer, we can enhance
convergence if we use new estimates of x;, J<i when updating x;
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Xi(k+1)=_—1{2 g Xj(k+1)+ X qijxj(k)—bi}

i | j<i j>i

x(0) x(1)

[0~ 6] —

X(2)

CONVERGENCE DIVERGENCE
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Richardson-Gauss-Seidel Algorithm

O Richardson —Gauss-Seidel Algorithm;
Solution of Qx=b = solve X « Xx—a[ AXx—D]
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Xi(k+1) =x(k)—a| 2 gjjx;(k+1) + X g;x;(k) —b;

j<i j>i
Note the similarity to steepest descent with a constant step-size «

O Parallel implementation of methods:
* Jacobi and Jacobi version of Richardson’s algorithms are straight
forward to implement in parallel. 3 two ways :

— If we have n processors, processor i knows row I of matrix Q. Each
processor broadcasts x; (k) to all other (n-1) processors. In a
hypercube, this can be done in O(n/log,n) time, since 3 log,n
distinct paths between any two processors.

— If we have n processors, processor i knows column i of Q. Each

. od

processor computes q;; X vV j=12,..,n . Then for each , the 13

quantities 4;; x; are sent to processor j with partial sums 44

o d

accumulated along the way. %
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Parallel Implementation Methods

If number of available processors p<n, assign M components to each
processor. P
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O Gauss-Siedel is, unfortunately, not well-suited for parallel implementation
When matrix A is sparse, it is sometimes possible to exploit the non-
dependencies.

Updating Order

X (K +1) = (% (k), x3(k))

X3(k +1) = f3(x,(k), X3(K), X4(k))
/ d ' Xy (K+1) = £, (% (K), X4 (K) )
Kl Xo (K +1) = f5 (X% (k +1), X, (K))

1 2 3 4

If we have two processors, then it can be done in two steps.
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Parallel Unconstrained Minimization

O Parallel Algorithms for unconstrained minimization
Jacobi:
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of (%)

X (k+1)= x (k) —ah(x,) o

o ()]
h (x(k))z{ ox : }
h.=1 = Gradient or Richardson's Algorithm
Gauss-Seidel:
a of

X. (K +1) = x (k) — Z; (K
(kD) =0 = G o 5 (2]
OX.’
where z.(k) :[xl(k +1), ..., X_,(k+1), x(k),..., xn(k)] d'a
o |
o |
These are Coordinate descent Algorithms. " :
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N 2 (I Convergence Analysis l

O Convergence Analysis:
Assumptions: Of (x) is bounded below = existence of a minimum

UV f(x) is Lipschitz continuous = f () Is continously
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differentiable with bounded derivatives
VI VI < K|x-y], vxyeR®
Key to proving convergence is the following DESCENT LEMMA
Under the above assumption

f(x+y)<f(x)+y VX)) + Xv;,XeR”

a)

R

Proof: Letg(a) = f(x+ay), =Vi' (x+ay)y

Fx+ )~ 10 =90 -90) = )3 2 de

=[5 XTV1(5+aX)daSIO y Vi(l)d“ + ‘fé y' [VE(XJFOCX)_VI(X)]CM‘ E E

K 5 o d

<YV da + 3 y] Kealy],da=y V10 + ]yl .
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(I Convergence Theorem - ﬂ

0 Convergence Theorem:

Suppose x(k +1) = x(k) + e d (k)
where [|d(k) |, 2 Ky ||V f (x(K)| , VK

dT (k) V(x) < —Ky|d(k)|?

Then, gradient and Jacobi algorithms converge if 0 < < —= 2K2

Gradient: K;=1and K, =1
2 2
Jacobi: Ko <min % i > max ﬂ
oot Koo

From Descent Lemma

Fx(k+D) < F(x()+ad’ (k) VF(x(K)+ EaZQT (k) d (k)

< f(x(k)) - a(Kz — —J |d(k) H , = T(x(k+1) < f(x(k))
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NI I (I Convergence Theorem - a
2K,

Since f (x) is bounded from below, we obtain optimum (Iocal) If0<a<—=
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Gradient: O< a < %

2 min 62 f / ox.”
Jacobi: O<a<— "

2
For Gauss —Seidel, one obtains a stronger result. If 0 < y; < <9 2 <T;forall
OX;

2y
x e R", then convergence occurs if 0 < a <=+ for all i

In the quadratic case, %XTQX — QT X

0% f _ 4]

— =Gi=ri=Ii= Convergence occurs if 0 < a < 2. 4

OX; a3
|

. . o d

Jacobi requires « small enough for convergence. y

L
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Nonlinear Jacobi and Gauss-Seidel -1

O Non-linear Jacobi and Gauss-Seidel Algorithm

Jacobi: x; (k+1) =arg min £ (g (K), ..., % 1(K), %, %31 (K), - X, (K))

of (x(K), s Xig (K), Xi, X1 (K, - Xn (K)) _

FFF oL L

(or)solve
8Xi
Y
o
. o
JACOBI Gauss-Seidel -
d
d
d
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Nonlinear Jacobi and Gauss-Seidel -

Gauss-Seidel:
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X (K +1) =arg min f (K +1), ooy Xi_1 (K +2), X, Xis1(K), eoes X0 (K))

Gauss — Seidel algorithms are guaranteed to converge for convex
functions. Note that the function value is strictly decreasing at each
iteration. The Jacobi algorithm requires more stringent restrictions

(e.g., X, — 7V (X, ) must be acontraction map = ||x, —aV (X, )|<1
k LR k R

for a >0) = V2 f (x) must be diagonally dominant.

O Constrained Optimization:
Recall the gradient projection algorithm

d'd
+
x(k+1) = [ x(k)—aH, VF(x)] a
C — y Jd Jd
Projection on to the feasible set Q 4
o
L
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~
VIi(x@)

Vv £ (x(0)) Constraint Surface

Unfortunately the gradient projection algorithm is not amenable to j j

parallel implementation unless the constraints are of the “box type”, al

I.e., upper and lower bound constraints on each variable 1 ;

a
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Parallel Constrained Optimization - 2

Recall that projection c;f [x—aVf(x)] into Q is equivalent to
minHy—§+an(§)H2
Y L

(on) min(y—z)Tvf(x)+2i(y—z)T(y—x) st yeQ
Y0 TVEHE (v -0 T(y y

n
If Q=TT [Ximin » Ximax |.then the problem is equivalent to

n _ )
min Xi)< + (Y
i=1 Ximin = X= Ximax
e x—aVf(x) .
xzﬂ Xi
y
Q=Q xQ

S.t. XEQ

~ %) of = Minimizations can be
|
O%i carried out independently.
x—aVv f(x)

» Convergence of Gauss-Seidel and Jacobi
follow for small enough o

* Their non-linear versions converge under
conditions similar to unconstrained case
x;(k +1) =arg Xirr;ignzi f (g (K), Xo(K), ..., Xi, ey X5 (K)),
etc.

kL L
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N I (I Decomposition Methods - 1 l

O Decomposition Methods: By far the best for constrained minimization. We

will present ideas via a series of examples.
« Example 1:

EF O DL L

.1 : . :
mma X' X “Project the Origin on the Constraint Set”
s.t. AX<c Ais an m by n matrix

q() = min%fx + 4" (Ax—c)

X
Optimal x foragivenu x+ATu=0=x=-A"y
1
S =—Su AT p-pe
. 1o T _AAT
Dual: max g(x) or min —u P u+u c, P=AA
120 - u=0 2— — =

Unlike the primal problem, the dual is parallelizable j j

o ] 1 m -

—> Unconstrained min IIJJZ— Cj+ Z pjk Hk Z/Jj—— Cj'i'z ka Hk < d

Piji k=] Piji k=1 :
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N I (I Decomposition Methods - 2 l

m
The iteration is:  z; =max (0, ;)= max [0, U —i{cj + > pjkukD (*)
ji =

The matrix A has a sparse structure in practice and we must exploit it
(even if Ais sparse, P = AA" need not be!!!). Define y =—A' u = Pu=—Ay

m
So, kzlpjkﬁk - E,-TEZ_QJTX’ a; = j" rowof Aorj™ column of A" =a,

Also, p; = (AAT)J-J- ng a;; So, iteration (*) can be rewritten as two iterations:

1 T : 1 T
=max(0, 4, ———(C;—a; y))=y;—min| u,, ——(Cc. —a.
H (O, 1 2 a (Cj—a; ¥)) =y ['UJ 2 a (c; -2, y)j

=i =]

A Gauss — Seidel algorithm is of the form: 4= xz—min [,uj : TL
a

L L L L
oYL L

Corresponding iteration fory is y =—A"y =y =y +min (uj, ——
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' (I Geometric Interpretation l

1 Geometric Interpretation:

a

=]

Half Space

y
H, = {QJTXSCJ} i

Ifxg HJ., setitto
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NI E [ Extension to General QPP

For general quadratic programming problems, the procedure extends easily.
.1 g T .1 g T
min=Xx Qx—b'x =
FOTRE o WP
s.t. Ax<c P=AQ'A";r=c-AQ'b

EF O DL L

Define y =—A" 1z and PH:_AQ_ll’:EEH:_V—VTjX; w! = j™ row of AQ™

The iterations are;

/_1:/_1+min(,uj,

: 1
y=y+ m'”[ﬂj Wa. [rj _V—VJTX]jgj

=i=]
« Example 2: Finding a point in a set intersection by parallel projections

minZ 3 -
i=1

s.t. xeR"
and X, € Q. ,i=12,...,m
This is a simple seperable problem. Start with any >_<(k) and solve for
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N 4 (I Set Intersection Problem l

X (k)= argmme —X k)‘2 Q. /,.\_{(k)

EF O DL L

Then, )_((k +1) :ﬁZﬁi k)
=]

Convergence can be extremely poor in some cases,
especially when Q, and Q, are "nearly colinear"

mln C X

s.t. AXx=Db
0<x<d |Using the method of multipliers: at step k .
- h d 'd

T _ T _

Primal _k+1_argor<nxl<nOI CTX+% (Ax b) (A)_( b)+/_1k (A)_( t_)) j j
Y
L
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(I Parallel LP-1 I

— Approachl: The primal is equivalent to:

EF O DL L

1 1 T
m;nEXTATA§+h—[g+ A" (4 —hb)] %;P:ATA

k

f

This is a quadratic programming problen': , similar to the one we
studied earlier. All we need to do is to project the unconstrained
minimum along each direction i onto [0,d;]. The unconstrained

minimum X; is

J#

o_ L 1 Tl X.
Xi_(g-ir ,)hk [C|+a| |:/1k hkb+hkzalxl:|:l

! Xi:{xﬂari)hi 584 (b”ﬂ}#

where y =—Ax #Projection onto | 0,d; |

L L L L
oYL L
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*@ (I Parallel LP- 2 I
o
: The update fory is: )
. oy A% [c+aT ~h (b+ )]+a
N y-y i i (Q-iTe_li)hi +a; 4 —h (b y i
— Approach?2: Let | ) ={ila, z051=12,....,m
Zij = & X 1=12,...m; j=12,....,n (1)
= Zij:b| 1=12,....,m
jel (i)
Let Aij be the set of Lagrange multipliers associated with (1)
o n
The problem is: minQT)—(:JZ_;Cij
st a.x =z .
o
o
r
a
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(I Parallel LP-3 l

Form augmented Lagrangian

n
G X X—Z-+k X, —Z..
IREEIDICACHALRUD DMLY
s.t. Z z”—b|,|=1,2, ....... ,m; 0<x <d

Jel (i)

2

EF O DL L

SO,

h, 2
Xj=arg min . c;X;+ D> A @i +-X (a“xj—zj) >

0<x;=d, ijk i %
{ ,em}

and

{zij ‘j el (i)}: zigr%mziijrlq —jgéijﬂ,ljkzij 7k jg%j(a”xj = jz

EW

kL L
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The optimization w.r.t Zi IS a quadratic programming problem with a
single equality constralnt We can write optimal solution directly.
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1S | Parallel LP-4 I
d : T—
: If p, is the Lagrange multiplier, it is given by:
o 1
| p|k+1—ﬁz Z(ax— ) 1=12,..
| ' Jel() m jell
where m, :‘I 1) the number of non zero elements in row i of A
A — B,
. _ ijk I,k+1
ik T Fj X T b,
Note that
Aiisn = i+ {aijxjk+1_zijk+1}
=D 1= Dr?nt actually need A4 u' need only p,
SO, Pia = p|k+m Z [alj jk+1 bi} ;
Jel[l]
_ Pik = Pix _ 1 e
S0, Z;i 1 = & Xjis T hkI : _aijxj,k+1_ﬁ Z(: [ ij X a1 '} ::
1 d 3
:aijxj,k+1_ﬁi[§i-r)—(k+l_bl} a
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— Can eliminate z; altogether and get a Gauss-seidel iteration.

xj(k+1)=ar<gr2;n< Ci+ > Pid; xj+h7k D {aij(xj_xj,kj+wi 2
O<x;=d; |i jel(iJJ {i jel[i]}
1

where W, =ﬁ(f_1iT X, —t_)ij = one dimensional minimization
i

Since quadratic, can find unconstrained minimum and project onto (O,djj
The solution is: #
xj(k+1j: x.’k—ﬁ{c-+a}b+hka}!v}

J T J
hy [@j q;

The methods can be extremely slow. May need to use Diagonal scaling
for faster convergence. The method extends easily to separable
nonlinear functions n
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@ ' (I Summary I

Key Ideas of Parallel Algorithms
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