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Key Ideas of Parallel Algorithms

 Almost all of the parallel optimization algorithms are based on one of 

the two ideas :

1. Jacobi and Gauss-Seidel type relaxation schemes

2. Dual or decomposition methods…. mainly for convex constrained 

optimization methods.

Let us illustrate these ideas by means of a series of examples :
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Jacobi Algorithm 

 Jacobi Algorithm:

Starting with an initial vector (0) , evaluate ( ), 0,1,..

using the iteration: 
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 Gauss-Seidel Algorithm: On a serial computer, we can enhance 

convergence if we use new estimates of xj , j< i when updating  xi

Gauss-Seidel Algorithm
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– If we have n processors,  processor i knows row i of matrix  Q. Each 

processor broadcasts xi (k) to all other (n-1) processors. In a 

hypercube,  this can be done in O(n/log2n) time,  since     log2n

distinct paths between any two processors. 

– If  we have n processors,  processor i knows column i of  Q. Each 

processor computes                               . Then for each , the 

quantities           are sent to processor j with partial sums 

accumulated along the way.      

6

 Richardson –Gauss-Seidel Algorithm: 

 Parallel implementation of methods:

• Jacobi and Jacobi version of Richardson’s algorithms are straight 

forward to implement in parallel.     two ways :

Richardson-Gauss-Seidel Algorithm

Solution of  solve [ ]
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Parallel Implementation Methods

If number of available processors  p<n , assign         components to each 

processor.

 Gauss-Siedel is, unfortunately, not well-suited for  parallel implementation.

When matrix A is sparse, it is sometimes possible to exploit the non-

dependencies.

If we have two processors, then  it can be done in two steps.
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 Parallel Algorithms for unconstrained minimization
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These are Coordinate descent Algorithms.
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Parallel Unconstrained Minimization
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 Convergence Analysis:

Assumptions:

9

Convergence Analysis
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Convergence Theorem - 1

 Convergence Theorem:   
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Nonlinear Jacobi and Gauss-Seidel -1

 Non-linear Jacobi and Gauss-Seidel Algorithm
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Gauss-Seidel:

 Constrained Optimization: 

Recall the gradient projection algorithm

1 1 1( 1) arg min ( ( 1), ...., ( 1), , ( ), ..., ( ))

Gauss Seidel algorithms are guaranteed to converge for 

functions. Note that the function value is 
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Nonlinear Jacobi and Gauss-Seidel - 2
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 Constrained Optimization (continued):

Unfortunately the gradient projection algorithm is not amenable to 

parallel implementation unless the constraints are of the “box type”, 

i.e., upper and lower bound constraints on each variable

Parallel Constrained Optimization - 1

14
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Recall that projection of                      into      is equivalent to

15
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Decomposition Methods - 1

 Decomposition Methods: By far the best for constrained minimization. We 

will present ideas via a series of examples.

*

00

1
min  “Project the Origin on the Constraint Set”

2

s.t.    is an  by  matrix

1
( ) min ( )

2

Optimal for a given : 0

1
( )

2

1
Dual: max ( ) or min ,

2

T

T T

T T

T TT

T T

x

x x

Ax c A m n

q x x Ax c

x x A x A

q AA c

q P c P A


 

  

   

   




  

    

   

 

1
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Geometric Interpretation

 Geometric Interpretation:
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Extension to General QPP

For general quadratic programming problems, the procedure extends easily. 
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 This is a simple seperable problem. Start with any  and solve forx k

• Example 2: Finding a point in a set intersection by parallel projections 
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– Approach1: The primal is equivalent to:

 
1 1

min ;
2

T
T T T T

k k
x

k

kr

x A Ax c A h b x P A A
h

     

This is a quadratic programming problem , similar to the one we 

studied earlier. All we need to do is to project the unconstrained 

minimum along each direction  i onto [0,di]. The unconstrained 

minimum     isix

 

 
 

#

1

1
or

where #Projection onto 0,

T
i i i j jk k kT

j ii i k

T
i i i i k kT

i i i

i

x c a h b h a x
a a h

x x c a h b y
a a h

y Ax d







  
  
    

 
    
  

  


   

    

 



Parallel LP - 1
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Parallel LP - 2
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2
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The optimization w.r.t is a quadratic programming problem with a 

single equality constraint. We can write optimal solution directly. 
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Can eliminate  altogether and get a Gauss-seidel iteration.ijz
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