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Take Home Solution

Prof. Krishna R. Pattipati

Dept. of Electrical and Computer Engineering

University of Connecticut
Contact: krishna@engr.uconn.edu (860) 486-2890

ECE 6141
Neural Networks for Classification and Optimization
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Problem 1:
1 1 ,
1 p(X | /J) - W exp(— 2572 (X—,Ll) )
p(u) = Aexp(=Au); 12 0;1>0
P 1% Joms) ¢ P | 20) p(ue) = L(w)

: 1 (J
FDZI(I)’I J=-InL(w)= 5o (Z(xn —y)2j+/1y+constant

n=1

a:u n=1
N
Z X —o°A
= [ypp = Max(= N ,0)
) _y_N
ot ot 42
. T
so, Laplace approximation of posterior : p(u|{x.}",) ~ N (ﬁMAP’W) %
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Problem 2

a)XG R"

Z X,;i=1,2;C. =samples from class i;| C, |= n.

| keC;

i=1 keC

{iZ i) u)j

TT. =&;i:1,2
N
g(x) = gz(x)_ gl(X)

= (@, - 4) 2%~ [ (=", =27 i) =In 2]

T A Tar~  Loatalga n
= X'$ i, ~ 1) > 5 A5 i 5 i
2
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Problem 1

b) J =i2(zi ~ W, X, )% X =L X T

i=1 keC;

[Zz]ZzakzalJv_Va —{izi (Z xakjj— N(4,, —4,)

i=1 keC; i=1 keC;
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where 2 =[1 4 '

2 2
CNRR AT S AT
For w, term : NW, = —W ZZ&——V_V Zniﬁi:wo_—v_v 7
i=1 keC; i=1

2
For wterm: N s, J{(N —2)2+Zniﬁigr}v;v= N (i, - 1)
i=1

2
:{(N —2)Z+ —NEE}V—% N4, -4,
i=1

(N _2)i+zniﬁiﬁj _%(Zniﬁij(ZnJEJ :IV—AV_ N(éz _21)

~ NN, ~ A A
(N-2)2+ ;\IZEBJW=N(£2‘£1) d'd
where ey
. o 4
ZB - (ﬁz _El) (Ez _ﬁl) .
L
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Problem 1

c) (iB)V—A\’: (22 _21) (éz _él)TV—AVOC (22 _21)
S0, W oc iil(éz _21)
d) for any distinct coding, z, # z,

RHS:[iZi[Zx“j}gziniy&i: ZZZ

i=1 keCi

2
For wterm : N 2, J{(N Z)E+Zn,u/1 }\L‘v > np

{(N 2)2+Zn,uu -Npu }v_v iziniﬁi—N[iﬁ]ziJH:iniﬁizi—%(inizij[injﬁjJ

[(N 2)2+Znﬂ# ——(Znﬂ)[in uJ] }v;v=”;’,‘2 (2,-2)(@, - &)

( nn, o i jw __nn,
N N

(2, —z)(&, - &)

where
So= (4,-4) (B~ 1)
Evidently, when z, = N andz, = _N o, (z,-7,)=N
n, n N

kL
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class 2
e) Decision rule: Z;rz +W' (X, - 4) > 0= Need Z’T.Zi =0

i=1 class1 i=1

2
= Z n,z, =0 = possible codings: z, = —ﬂ, Z,= ﬁ no need for equal number of samples
i n n,
z,=-12,=1&n, =n,etc.
Copyright ©2018 by K. Pattlpatl
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Problem 3

7~ N(z; u,06%)
z=pu+ot wheret~ N(0,1)

E[Z|ZZC]:E[,u+O't|tZC_ﬂ}
o

Recall¢(t|tzc_ﬂ): ¢(t)
o 1- (D( #y

CoH #L ? a2
so,E[ Hu+ot|t> . }_;H @(0—7#) \/EJ.C-T;JG dt
o
g o ¢(C—7,u) y
=Hu— c— J‘Cfﬂ¢(t)dt=,u_ c_ .¢()|°Coi'u:)u+ CO-_ :,u+GH( j
1_(1)(7) 1—@(7'”) o 1_@(7/“) o
(o2

where H(u):ﬂ

1-d(u)

E[ZZ|ZZC:|=E|:(ﬂ+Gt)2 ZC_'U} u +26uH[ ﬂ)+0' E[t? |t> ﬂ]
o o o

2 c—u 1
E[t?|t> 1= { ot ¢(t)dt}
° |1- cb(—”) =

Jettoodt=—[ 1 0 =(C”j¢(°“‘)+ Jestut =[°‘”]¢(C‘”)+1—<D(°‘”)
= - T O O (e}
#J+a(c ,u)H( ﬂj+az

o

=1’ +o’ +o(c+ u)H (—,uj
o

kL
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Problem 4:

W = w4 (2" -w

\_/(n+1) _ |:| _nZanT :|\_/(n) + ﬂe*n Zn;\_/(n) — V_V(n) _V_V*

Letx, = E{v’v""};R, = E[x" x" ] ~ Correlation matrix of data;E[(e” )2] = o2
T *| n.n n n
% = BV = B - X" WOV 1) X | 3 nELe [T T WX+

B XV [1-nx'x" | 3+ 0B X X}
Using LMS assumption and the orthogonality of error and the weight estimate, we have
%0 =2, ~RE, R+ B X VOV X X E{(67) XX}
=% -nRZX, -nX R +2n°R X R +n°Rtr{Z R }+7n°c?’R,
Note :Use E{X,X,X;X,} = E{X X, JE{X X, } + E{X X, JE{X, X, } + E{X, X, JE{X, X, }
Vector case: E{x"x" vy x" X" 3= E{x" X" FEQ VT X X 1+ E{X"XT vV TIE{X" X}
FEOT VOV XIE{X" X}
LetR, =QA Q" andlet® ,=Q' .Q
Q'2,,Q=Q'2,Q-7Q"RQQ'Z Q-7Q"2,QQ"R,Q+27°Q"R,QQ'Z QQ'R,Q
+7°Rr{Q"2,QQ'R,Q}+70;Q'R,Q
=3 =2 -nAZ —nE A, +20°A S A+ A{E A Y+ n’0lA,

Copyright ©2018 by K. Pattipati
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Problem 4:
ﬁ“m—l = i“n _nAxin _ninAx + 2772/\xin/\x + nzAxtr{inAx}—i_ 772692/\x

Now consider the diagonal elements of £_, and represent them as a vector s, ,,

n+l

§n+1 = (I p+1 277Ax + 2772Ai + 772/_1&1— )§n + 7720-(524
T

where 4 = [/11 Ao Apa

Need eigen values of (I

=] 44(l

—2nA, +2n*A% +1° AA") inside unit circle.

p+1
—nA )+ (A2 + A )H<IVi=1,2,.., p+1
(0]

A-nA) +2n°A%i= ]

p+1

2 i
AL E ) Let f (4) =24 +27° A% +7°ATr(R))
o « 2-nTr(R
O, <1= max{(l—nﬂ,,)2+nzﬁ,,z/1j}<1 Max of f at:A =774—r(x)
: j=1 n
= =2n +2n" A +n°ATr(R,) <0 Vi f(A)=-2a-Z1r(R)) = 0<y<
— 204 +7TH(R.) <2 &7 >0 2 2 (R,
= 0<p<min < 2 < (in practice: O<77<;)
Ptr(R)+24 tr(R)+24,, tr(R) tr(R,) + 24, 34
Summin g over all i J'd
2 2 a'a
2nTr(R)+(p+YnTr(R,)<2(p+1) &n>0=0<n< 5 <
TrR)L+ <] TR 44
p+1 2
Copyright ©2018 by K. Pattipati ‘
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roblem 5
Consider a general regularized least squares regression problem.

) foS

! :%Ilz— Xw| §+%V_VTFTFV_V;;E RY; X e R™(P

where z=Xw+Vv;v. ~N(0,6°) vn=12,..,N

Let W(0,T) = (X" X)™* X"z, least squares solution when A = 0.
@Vv,J =%[—XT(z— Xw)+ A Tw] =0

=SWAD) =(X"X+A'T) " X' z=(X"X +AI'T) " X" (XW+V)
=(X"X +A'T) [ X" Xw+ X V)
=(X"X+A'D) (X" X + A T)w— A Tw+ X "v)
=W AX'X+A' D) T TwW+ (XX + A T) ' XV
C=1,=>WA 1) =W-A(X X+l ) "W+ (X" X+ 4l )" X"y
w(0, X) _ w(0,I") _ w(0)
1+ A 1+ A 1+ A

p+1 p+1

=X=wl4,X)= W + 1 (XTX)‘le\_/:
1+4 1+ A4

kL L

It scales the least squares solution by 1/(1+ A7)
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roblem 5

(b)

b=w—E{W(A,D)}=w-W+A(X'X+AI'T) ' T'Tw-E{(X"X +AI''T) " X"V}
=AX"X+AC'D) ' I'Tw

F=1,=b=A(X"X+1l_,)"w

I'=X :b—iw
1+ 4
(c)

r=z—7=x w+v-x W(4,I
=X (XTX+AI' D) I Tw+v—x (XTX +A'T) X Ty
T=1,=r=2x (X"X+Al ) "w+v—x" (XTX + 4l )X v

- Tp+l p+1

F:X:[:—(g v_v+v)+—[v X (XTX) X Tv]
1+ 4 1+ A

kL
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Problem 5

(d)

r=Ax (X"X + A D) I'Tw+v—x" (X" X + A1) * X "v

bias?(1, 1) =E(r)? = A*wW' T'T(NZ, + AI''T) 'S (NZ + A T) T T'w
XTX

where X, =E (xx')~

=1, =bias’(4,1,,,)=A°W (NZ, + Al ,)) ', (NZ, + Al ;)"

. A Y g
IfZ, =1, also,bias*(4, IIH):(I\| +/J W W
& 2
= X = bias®(4, X) =(—j W' w
A+1
/1 2
If2, =1, also,bias*(4, X) =(mj W' w

oYL L

Copyright ©2018 by K. Pattipati




FFF O DL L

@

Problem 5
(e)
var(1,T) = E{[r—E(N]}=
o2 +[E, X (XTX +AT'T) " X ww' X (XTX + AT T) 'x]
~o’ L+ Ntr([Z, (N2 + AT ™)
XTX

whereZ, =E (xx')=

I'=1 — Val’(/l, I ) = 0-2 (1+ N tr([Zx(NZx + Al p+l)_1]2)

N(p+D]
(N +A1)?

p+1 p+1

I =1_,also,var(4, X) =c’[1+

p+1

=X =var(1, X)=c’[1+ (p—+1)2]....independent of =,
N1+ A)

kL
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Problem 5
(f)
1_‘:Ip+1;zx:|p+1
. A Y N(p+1)
MSE =bias?(1,1_.)+var(1,1_ V= —— | w w+o’[1+
( p+1) ( p+l) (N-l‘lj W W+ro [ (N+ﬂ)2]
dMSE 24 20° T ZGZN(p+1)
= 2 3 |W W= 3 =0
dA (N+4) (N+A4) (N +A4)
2 2
N 2N A 3V_VTV_V—26 N(pﬂ;l) 0= O (£)+1)
(N+21) (N+21) W w
Note:dMﬁ:ZNwTw 1_/13
dA — "L (N+A4)
2 . * T
:>d M§E=2N_TV_V 1 3_3(2 14) _ ZNV_V*V_V3>Oat/1=/1* jj
dA (N+A4)> (N+A) (N+A4) . N
aa
o
Copyright ©2018 by K. Pattipati ‘
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Problem 5

(f)
F=X2,=1,,
2
MSE = bias?(4, X )+ var(4, X ) = (LJ W we ot — P
A+1 N@A+A4)
2 2

dMSE (22 _ 22 3 Ww 29 (p+?zo

dA (A+D)° (1+1 N1+ A4)

2 2

22 3V_VTV_V—26 (p+]3.) 0O (pT+1)

1+ A1) N1+ A1) N.w w

Note:M:ZWTW 2'_23
dA 1+ 2)

d*MSE T( 1 _3(1—1*)] 2w w

—

N

—

_ W W - S |l=—===->0ati=4"
dA 1+ A4) 1+ A4) 1+4)

L L L L
oYL L

Copyright ©2018 by K. Pattipati




FFF O DL L

15

@

Problem 6:

ool L]
colr [ 2]

D(x) = [LV2x, V2%, V2x,%, X % T

@, =[1N2~/2x54/2x51 25T ; @, =[1-v2 x2—/2x4~/2x8 4 16]"; 2 = 22 = -1
@, =[1v/2 x24/2x3/2x6 4 9]"; @, =[1-/2/2x5 —/2x51 25]"; 2° = 2* =1
Dual : maxq(4) = Zﬂ,—%iz/ujz 21 o(x') @(x))

=1 i=1 j=1

subject to:ii,z‘ =0and 0<A =>4 +4 =4 +4,
i=1
A =[0.0154 0.0067 0.0126 0.0095]T
w' =[0.0000 0.0192 0.0494 -0.1453 0.0178 -0.1415]
w, =-3.1713
g(x) =w' ®(x) —w, = 0.0272x,+ 0.0699x,-0.2037x,X, + 0.0178x2-0.1415x? +3.1713=0
Support vectors: All four are support vectors!

1 N
—=||w =0.2104
> [Iwll,= margin ,/Zl

margin = p =4.7529

Copyright ©2018 by K. Pattipati
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m Problem 7:
N=1Lp=2
A . _3.2564 —
Wy, = (X"X) 1XT;={00427} When the prior is
. ' non-informative,
5 = N_pllz—Xv_V||2=0-0170 ML and MAP give
N 01323  _0.0012 V|rt_ually the same
ML= ~1-0.0012 0.00001142 estimates

. O 10
Wy = 2y = 10 0
0 0 1

Zyap = |:2_1L + 261:|_1 = |:

0.132323933270331 -0.001222250333231
-0.001222250333231 0.000011422900311

i s [2_1W i ]_ -3.256376353285603
=wap = Swap | SmLZme TS0 TR T g 049650025986531
w, ~ N (w,;0.042650925986531,0.000011422900311)

kL L

oYL L
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Problem &

J=-Inp(4,8,|D)=Ng, +°

20,

[N32+N(E—91)2]

where z is the sample mean and s is the sample variance

o ] ]
00, ~Ne™* (26,
VQ‘]: - 2 - 2 (4206,
A | [N-[Ns*+N(z-6) |e
| 00, |
Vg‘] |éMAp:Q:> él,MAP :E; A2,MAP =Ins
82 02 |
V2 007 06,00, _ Ne % 2Ne % (z-6)
‘ %) 9% 2Ne?%(z-6,)  2Ns%?*
06,00, 06; |
2
N = 0
V2|, =H=|¢ —x=|N
) 0 2N 0 % Jd'd
{(9 o } 4
Y 1 1 N N 12;5 +(6,~Ins)? I
6,0,|D)=N(@6,;z,—)N(0,;Ins,—) =———¢
P(6,0:10) = N(@;2 N(OsiIns, o) =~ :
Copyright ©2018 by K. Pattipati ‘
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Problem 9:

P(v, h)——exp(ZZd“ , J+ibihi+_zn:cjvj)

whereZ = 3 Sexo(3. 3 v, + 2 + D)

oy PO _ POy _ 7 p(;;d” Y22 om)

PO ZP(“ v Zexp(ZZdu UEDNLESAIA
eXp(ZZd” i J+Zbihi) m exp(zdlj J+bi)hi
= == = 'h {01}

Zexp(zzdu i J+Zbihi) = {l+exp(2du J+bi):|

and consequently

eXp(Zdu j+bi)
P(h =1|v) = = g(ZdIJ ;+b)...sigmoid function

{1+ exp(zn:d” v, +bi)} E

L L L L
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Problem 9:
So, P(v |h)= =12 = =11 v, €{0,13
Zexp(ZZd” veSev) 1{1+exp(2d” ,+c,.)}
i=1 j=1 j=1
and consequently
exp(zdu i +Cj)

P(ijllb) m g(zdu |+Cj)

{1+exp(ZdIJ |+Cj)}

oYL L
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m Problem 10:;

Complete Data Likelihood
= {(xl,;l), (x3,z°) (<, 2% } 2 e{[10],[01]}; x* =1, x* =10; x* =20

= -Inp(D, |0) = ZZZ {~InP, +—In27z+

n=1l j=1

,UJ) y0={P.P,,01,0, 14, 11}
EMminimizes the expected value of the negative complete data log likelihood:

E,{-Inp(D.9)}= ZZ%{—"] P, + #;)}

n=1l j=1

10

=10.40.6 |;Recall N, _Zyj j=12,.,M =N, =14;N,=16
01

M-step: Re-estimate the parameters using the current responsibilities

* *
4 = 27 = 1+04710_4 5714; 1) = 00710+20 _ 1625

J n=1

oYL L
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m Problem 10:;

M-step: Re-estimate the parameters using the current responsibilities

* *
”ewz—Zy nevv:1+O.4 10_35714 neW:O.G 10+20=16.25
J n=1
2,new __ i & n n__ new 2 new . _2.new
o)™ =1 D X = 1) = o™ =16.5306; 0, ™" = 23.4375
j n=l
N,
P :WJj R™ =0.4667; P," =0.5333
E-step
n I:)J.N(Xn;ﬁj’zj) . .
Vi = ;1=1,2,.,M;n=12,..,N
> RN .2,
k=1
0.9919 0.0081 0.5373 0.4627
: : 4 d
I'=|0.4072 0.5928 |etc. After 5 iterations: I'=| 0.53730.4627 | ;NLL=11.7250 3
0.0004 0.9996 0.53730.4627 4 2
All converge to same mean of 10.333 and variance of 60.222. ! :
Copyright ©2018 by K. Pattipati ‘
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m Problem 10:;

10
WithI'=| 01 |, it converges to means 1 and 15 and variances of 0 and 25. NLL=-9.6366 setting var=max(0,eps)
_O 1 .
1 0]
WithT"=| 10 |, it converges to means 5.5 and 20 and variances of 20.25 and 0. NLL=-9.8473 setting var=max(0,eps)

01
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Different initializations will give different answers!!!
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